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The importance of spatial variations of the conditions in industrial-scale, agitated, 
batch cooling crystallizers is investigated by computer simulations. A three-compartment 
model is developed considering primary and magma density-dependent secondary nucle- 
ation. An increasing crystallizer size is described by an increasing suspension turnover 
time. It is shown that accumulation of larger crystals in the bottom region, localized 
supersaturation generation and variations in the secondary nucleation rate due to vary- 
ing local mixing intensity will, under normal conditions, exert a low and often negligible 
influence on the product-size distribution of an industrial unit. In a batch process, the 
product-sue distribution is governed mainly by the conditions early in the process. Dur- 
ing this period the supersaturation half-life is much longer than the suspension turnover 
time, and the influence of local variations becomes weak. 

Introduction 
Batch cooling crystallizations are commonly used in the 

production of fine chemicals and pharmaceuticals. The stan- 
dard equipment configuration is an agitated vessel. In model- 
ing and analysis of agitated batch cooling crystallizers, the 
entire volume is usually assumed to be well mixed. Whether 
this is a reasonable assumption or not for industrial units has 
not been analyzed. 

The supersaturation varies within an indirectly cooled agi- 
tated crystallizer. Supersaturation is generated locally at 
heat-transfer surfaces, but is consumed by crystal growth in 
the entire volume. The rate of consumption depends on the 
local, total crystal surface area. The crystal growth rate and 
in particular the nucleation rate depend strongly on supersat- 
uration. In a well-mixed batch cooling crystallizer, the prod- 
uct size distribution is sensitive to changes in supersatura- 
tion, nucleation and growth kinetics, and processing condi- 
tions (Bohlin and Rasmuson, 1992a). Garside (1985) esti- 
mated the supersaturation half-life (that is, the time needed 
to deplete the supersaturation to half its initial value) in con- 
tinuous crystallizers. Values range from a few seconds to a 
few minutes at normal conditions. This is in the same range 
as fluid turnover times in large agitated vessels. Hence, the 
supersaturation decay over the fluid circulation loop can be 
significant in industrial continuous crystallizers. It was con- 
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cluded that design procedures assuming good mixing in the 
liquid phase, and equal nucleation and growth rate through- 
out the vessel volume may be in serious error. 

The size distribution and concentration of particles vary 
within an agitated suspension. In batch cooling crystalliza- 
tion, often the optimal agitation is the minimum stirring rate 
needed to keep all crystals just suspended from the bottom. 
At such conditions, a homogeneous suspension is not ob- 
tained, but especially axial variations in particle concentra- 
tion and size distribution are significant (Zwietering, 1958; 
Nienow, 1968; Ayazi Shamlou and Zolfagharian, 1987; Baldi 
et al., 1978, Mersmann and Laufhiitte, 1985, Ayazi Shamlou 
and Koutsakos, 1989; Bilek and Rieger, 1990; Bohnet and 
Niesmak, 1980; Baldi et al., 1981). The hydrodynamics vary 
significantly in an agitated liquid. The local energy dissipa- 
tion rate may vary by two orders of magnitude (Mersmann et 
al., 1986; Laufhiitte and Mersmann, 1987; Geisler and Mers- 
mann, 1988; Jaworski and Fort, 1991; Kresta and Wood, 
1993), and the highest values are found close to the agitator. 
Results indicate that the rate of secondary nucleation is ap- 
proximately proportional to the mean specific power input to 
the fluid (Garside and Davey, 1980). It is thus likely that the 
rate of secondary nucleation may vary significantly within the 
tank. 

There are obviously good reasons to be concerned about 
the assumption that an industrial batch cooling crystallizer 
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can be treated as well-mixed. Unfortunately, a rigorous math- 
ematical treatment of a nonideally mixed, agitated, instation- 
ary cooling crystallizer, becomes very complex. The fluid flow 
is three-dimensional and the local particle-size distribution 
depends on the fluid hydrodynamics. The nucleation and 
growth rates depend on the local supersaturation that results 
from local generation and consumption. Local consumption 
of supersaturation depends on the local size distribution. 
Simulation of the flow field and particle transportation, with- 
out considering crystallization, has been carried out (Brown 
and Boysan, 1990; Hallas and Hannan, 1990). By compart- 
ment modeling the system is decomposed into several ideal- 
ized regions. Tavare (1986) summarizes the work on tank-in- 
series modeling of continuous crystallizers. Wiker and An- 
shus (1974), Dorokhov et al. (1989), and Grootscholten et al. 
(1982) used compartment modeling to study macromixing ef- 
fects in evaporation loop crystallizers. Significant influence of 
crystallizer geometry and internal circulation rate on the 
crystal-size distribution (CSD) was found. Kratz and Hoyer 
(1989) suggest a scale-up method based on a loop model. Jager 
et al. (1991) modeled the effect of scale of operation on CSD 
dynamics, and the results were used to explain oscillatory be- 
havior of a continuous evaporation unit. 

The objective of this article is to investigate whether it is 
reasonable to model an industrial batch cooling crystallizer 
as a well-mixed process. The influence on the product crys- 
tal-size distribution of spatial variations in specific turbulence 
energy dissipation rate, supersaturation generation, and size 
distribution and concentration of crystals are analyzed. 

Model 
Consider a jacketed, draft-tubed, baffled tank crystallizer 

equipped with an axial-flow impeller (Figure 1). Divide the 
tank volume into three well-mixed compartments. The first 
compartment denoted C1 is the region where cooling occurs 
and supersaturation is generated. The second compartment 
C2 is located around the impeller where the turbulence en- 
ergy dissipation rate is particularly high. In the third com- 
partment C3 which forms the lower part of the tank, the 
magma density may be particularly high, due to gravity. 

Assume that the three compartments C1, C2, and C3 form 
a closed loop-reactor wbere the flow of particles and liquid is 

c1 
71 
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Fluid 
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51 
I J 

Figure 1. Compartment model of the agitated vessel. 

in only one direction as shown in Figure 1. The concept of 
macrofluid (Levenspiel, 1972) is applied, that is, the fluid is 
assumed to consist of small elements, which retain their iden- 
tity during the process. The elements have a physical volume, 
small compared to the total tank volume, but large enough to 
have average values of intensive properties such as concen- 
tration, temperature, population density distribution, and 
specific energy dissipation rate. It is assumed that the ele- 
ments travel around the loop completely segregated from each 
other, that is, there is no exchange of particles, solvent, 
solute or energy between the elements. The flow around the 
loop is orderly with no element overtaking any other ele- 
ment, ahead or behind. All elements have equal turnover 
times T ~ ~ ~ ,  that is, the time to travel through the loop, and 
have equal residence times r l ,  r2  and T~ in each respective 
compartment. The temperature of compartment C1 is strictly 
controlled, and is given by a predetermined temperature vs. 
time profile: 

The element receives the temperature 0 when entering com- 
partment C1 in which the temperature is assumed to be uni- 
form. In compartments C2 and C3 it is assumed that the tem- 
perature of the element remains constant, equal to the tem- 
perature received at the moment of exit from C1. At the 
reentrance to C1, the temperature immediately drops to the 
prevailing @-value. 

Modeling of circulating homogeneous suspension 
Consider the case where all crystals are evenly distributed 

in the fluid (homogeneous suspension) however with spatial 
variations in supersaturation and mixing energy dissipation 
rate. The individual suspension elements can be assumed to 
act as small, well-mixed batch reactors having constant sol- 
vent mass, a time varying secondary nucleation rate constant, 
and a discontinuous temperature curve. It is assumed that 
crystal breakage, agglomeration and growth rate dispersion 
can be neglected, and that crystals are born at zero size. The 
population balance for an element then becomes (Randolph 
and Larson, 1988) 

This equation can be solved by a solution algorithm that dis- 
cretizes the crystal generation process into subpopulations of 
particles. Using the method of characteristics, these subpopu- 
lations are traced as they move along the size axis at the rate 
of crystal growth G(t, L )  (Bohlin and Rasmuson, 1992a,b). 
The number of crystals in the ith subpopulation Ni, is the 
integral of the total nucleation rate over the time interval At:  

where ti is the birth time of subpopulation i and t ,  = 0. In 
each time interval a new subpopulation is generated. Seeds 
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are added at t = 0, and receive i = 0. The primary and sec- 
ondary nucleation rates are described by power laws: 

uous growth of crystals retained in C3, depends on the resi- 
dence time distribution. We may define a parameter X as 

Bp = kp*Ac"P (4) 

where the secondary nucleation rate constant k ,  is a function 
of time, since the element is subjected to different specific 
energy dissipation rates in the different compartments. The 
linear growth rate G may be size-dependent: 

and the size of the crystals in the ith subpopulation at time t 
becomes 

which specifies the number of circulating elements needed. 
For example, when V, + V, = V,, X equals 2, and two circu- 
lating elements are included in the analysis. They replace one 
another in C3 and only one element at a time stays in C3. 
The elements are to be positioned evenly around the loop as 
illustrated in Figure 1 for X = 2. Both elements deposit large 
crystals in C3. Each element contacts all crystals retained in 
C3 (that is, all crystals deposited by all elements) for the en- 
tire residence time in that compartment. By this, the model 
accounts for an increased magma density in C3. 

The number of crystals in the ith subpopulation in the j th 
circulating element becomes 

h = 0; 
h = 1; 

L,,, 5 L,,, 
(3' 1 

L,,, > L,,, 
(1 - h) . j f ' . '  + *l[BP + B,ldt 

For nucleated crystals, L, ( t  = 0) = 0 (i > 0). For seeded crys- ll.! 

tals Lo ( t  = 0)  = Lso. The global process time t is the total 
time since the start of the batch, whereas the loop time 7 is 
equal to the time elapsed after the entrance to c1 of each 
turn. The population balance is coupled to the supersatura- 
tion balance for the element by the third moment of the total 
size distribution: is 

h is used to remove large crystals from the element and is 
only activated (that is, allowed to receive the value of unity) 
at the moment the element leaves (23. The size of the crystals 

dAc dceq dW, Lj , i ( t )  = Lj,i( t  = 0 ) + j f  G(t)dt  (7') 
Ac(t = 0) = Ac, ( 8 )  1j.i  

-=_---. 
dt dt dt ' 

where The number of incompletely suspended crystals in C3 origi- 
nating from the ith subpopulation in the j th  element is 

k 

h = 0;  
h = 1; 

Lj,, s L,,, 
Lj,i > L,,, 

(12) 
W,(t) = k;p;m,(t) = k;p; q - L ; ( t )  (9) 

i = O  A$(t) = h . / " . ' f A r [ B p  + B,ldt 
[,,I 

To simulate the influence of spatial variations in supersatura- 
tion generation and mixing energy dissipation rate in a homd- 
geneous suspension, one circulating element is analyzed. The 
product of the entire batch is assumed to be well character- 
ized by the properties of this element. 

with the same conditions for h as above. The size of the crys- 
tals in the subpopulation Ly,i = Lj,i is still calculated by Eq. 
7' but with different G(t).  The supersaturation balance for 
the j th element is 

Modeling of a circulating nonhomogeneous suspension 
Uneven distribution of crystals (nonhomogeneous suspen- 

sion) is modeled as follows: Those crystals in a circulating 
element that are or become larger than a certain size L,, 
during the stay of the element in compartment C3 (that is, 
when 7 > 71 + T ~ ) ,  are removed from the element and re- 
tained in C3, at the moment when the element leaves this 
compartment. When the element returns into C3, the crystals 
retained in this compartment are added for the time period 
the element rests in C3 (7,). The crystals retained in C3 must 
grow continuously (that is, also when the element rests in C1 
or C2), like those crystals that travel with the element around 
the loop. This is achieved in the model by considering addi- 
tional elements that take over from one another in compart- 
ment C3. The number of elements needed to achieve contin- 

where WT,j is the magma density in the j th element: 

k 
WT,j ( t )  = k;pc.rnj,3(t) = k;p; N,,i.Lj,i(t) (9') 

i = O  

and WF is the magma density resulting from the retained 
crystals in C3. By definition, W; = 0 in compartments C1 and 
C2. The magma density of the crystals which are retained in 
compartment C3, when these are added to the element, be- 
comes 
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The history of different elements (temperature, supersatura- 
tion, nucleation and growth rates, and so on> is almost identi- 
cal, and accordingly the final product size distribution of the 
elements becomes very close. The overall product-size distri- 
bution is obtained by averaging over the distributions of the 
individual elements. At nonhomogeneous suspending, the 
crystals partitioned off in the bottom compartment are ac- 
counted for, as is described below. 

Numerical solution 
In the case of a homogeneous suspension, the element is 

initially positioned in C1. In the case of a nonhomogeneous 
suspension, X elements are initially placed evenly around the 
loop, thus receiving different initial local loop times, but the 
initial temperature and supersaturation are equal (see Figure 
1 for X =  2). In case of seeding, all elements initially receive 
equal amount of seeds. Solution of the model involves inte- 
gration of Eqs. 3 and 8 (or 3' and 8') by Euler's method. In 
each time step, Eq. 3 (3') is solved for the number of crystals 
in the subpopulation. Then the change of the crystal size and 
mass is calculated by using Eqs. 7 and 9 (7r, 9' and Y). Fi- 
nally, the supersaturation balance Eq. 8 (8') is solved for the 
supersaturation. 

At short turnover times, short time steps are required due 
to the short residence time in the compartment C2. Espe- 
cially, in case of short turnover times in combination with a 
long total process time, there is a need for a large computer 
memory and high processing speed. Hence, there is a lower 
limit to the turnover times that has been studied. Most simu- 
lations have been performed on a Macintosh IIfx, and a few 
on a workstation Hewlett Packard 9000/720. Time steps of 1 
s (0.5 s in a few cases) are normally used for the calculations 
in this study. Further refinement of the time discretization 
does not significantly change the results presented. 

Complete population density distributions can be esti- 
mated from the discrete. size distributions. In this article, 
however, the total size distributions are characterized by the 
weight mean size and the corresponding coefficient of varia- 
tion (CV). These are calculated directly from the total mo- 
ments of the product-size distribution (Randolph and Larson, 
1988). For the case of homogeneous suspension: 

m4 

m3 
Lw, = - (13) 

(14) 

in which the n'th moment is calculated as 

k 
m , =  C N,L: (15) 

i = O  

For the case of nonhomogeneous suspension, we account also 

for the size distribution of the incompletely suspended crys- 
tals. The moments of the total distribution can be obtained 
by summation of the corresponding moments of individual 
distributions (Bohlin and Rasmuson, 1992b). The mean size 
is obtained by 

(13') 

and the variance of the distribution is calculated according to 

1 X  r~ x 

The nth moment of the size distribution in the j th circulating 
element is 

k 
mi%, = N .  1.1 .Ln i . 2  (15') 

i = O  

The moment of the incompletely suspended crystals originat- 
ing from the j th element is 

For homogeneous as well as nonhomogeneous suspension the 
coefficient of variation is calculated by 

(16) 

Simulations 
The influence of macroscopic spatial variations in the gen- 

eration of supersaturation in the rate constant of secondary 
nucleation and in the crystal-size distribution are investi- 
gated. The specific set of parameters used in the simulations 
are given in Table 1. Kinetic parameters are based on (Bohlin 
and Rasmuson, 1992a) data for potassium sulfate. The oper- 
ating conditions are such that the process behaves like a nor- 
mal batch cooling crystallization, that is, typical peaks appear 
in supersaturation and nucleation rate vs. time (see Figure 1 
of Bohlin and Rasmuson, 1992b). A linear cooling profile ( a  
= 1) is used in the simulations if not otherwise stated. When- 
ever used, seeds are added at t = 0 in an amount correspond- 
ing to approximately 1.4% of the final crystallized mass. The 
secondary nucleation rate constant is assumed to be propor- 
tional to the specific turbulence energy dissipation rate of 
each compartment. Mersmann et al. (1986) determined local 
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Table 1. Parameter Values Used in the Simulations 

Parameter Value Parameter Value 
Batch time, t ,  
Start temp., 0, 
Final temp., 0, 
Solubility const., co* 
Solubility const., c1 
Solubility const., c2 
Crystal density, pc 
Shape factor, k ,  
No. of seeds, N, 
Sue of seeds, L,, 

8,000 
60 
25 
0.0666** 
0.0023* * 

2,662** 
0.525*** 
5,000 

-6.OX 10W6** 

0 . 5 ~ 1 0 - 3  

Primary nucl. rate const., k ,  
Primary nucl. rate order, n, 
Secondary nucl. rate const. C1, k , ,  
Secondaxy nucl. rate const. C2, ks2 
Secondary nucl. rate const. C3, k,, 
Secondary nucl. rate order, n, 
Exponent of magma dens. dep., b 
Growth rate constant, k ,  
Factor of size dependence, a 
Exponent of size dependence, p 
Growth rate order, g 
Constant, y 

6.68 X 
7.63* 

5.29 X lo6 

0.69+ 
O S t  
6.0 X 10- 7t 

0.443' 
0.778+ 
1.28gt 
300 

5.29 x 105+ 

8.82 x 105 

~ ~~ 

*Jones and Mullin (1974); ** Mullin (1972); ***Tavare and Chivate (1977); 'Randolph and Sikdar (1976), *second-order 
polynomial fit to published data: ceq = c, + c1 B + c 2 .  0 2 .  

energy dissipation rates in an agitated tank. Based on those 
results, the local secondary nucleation rate constants in the 
compartments are chosen as: k,, : k,,  : k,, = 0.6 : 6 : 1, and 
are kept constant in the simulations, except for when the in- 
fluence of kinetics is examined. The energy dissipation rate 
measurements also indicate reasonable relative sizes: V,, V, 
and V, of the compartments. Residence times in compart- 
ments are calculated by 

Vl v2 v3 

K O ,  K O ,  Y O ,  

T~ = - .rtOt; 7, = - 3-tot; T~ = - ' T , ~ ,  (17a-c) 

The residence time distribution of nonhomogeneous suspen- 
sion processes are chosen such that X = 2 in Eq. 11. Thus, it 
is sufficient to include two circulating fluid elements. Results 
are presented in which the total turnover time is increased 
while keeping crystallization kinetics and the ratios r1/7tot 
constant. An increasing total turnover time is aimed to repre- 
sent an increasing crystallizer size. Results are compared with 
well-mixed crystallizers, the results of which are presented in 
diagrams at zero turnover time. The residence time averaged, 
secondary nucleation rate constant of the nonwellmixed 
process 

40 
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E. + 71:72:73=4:1:20 0 

t ~1:72:73=2O: 1:4 20 h 
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Figure 2. Influence of turnover time and residence time 
Turn-over time (s) 

distribution on product characteristics. 
Homogeneous suspension, unseeded process: f k, = 1.136 
ks3; + L, = 0.88 ks,;  -t k ,  = 1.25 ks3. 

is used in simulation of the well-mixed crystallizer to obtain 
equal crystallization kinetics. The simulations include a range 
of combinations of residence times and, consequently, this 
average value varies somewhat between different series of 
simulations. In the diagrams for nonhomogeneous suspend- 
ing, results for zero turnover time is for a crystallizer that is 
entirely well-mixed, that is, the suspension is homogeneous 
also. The minimum turnover time considered is 6 s in the 
case of homogeneous suspension, and 12.5 s in the case of 
nonhomogeneous suspension. In total, this article is based on 
about 125 simulations for potassium sulfate. In addition, 
about 120 simulations have been made for batch cooling crys- 
tallization of citric acid monohydrate (for kinetics see Bohlin 
and Rasmuson, 1992a). 

Results 
Results are shown in Figure 2 for an unseeded process 

where the suspension is homogeneous, but spatial variations 
in supersaturation generation and mixing energy dissipation 
rate, are at hand. Product weight mean size and the corre- 
sponding coefficient of variation is plotted vs. turnover time. 
Three cases are presented having different residence time 
distributions. The logarithmic time scale is interrupted to al- 
low results of zero turnover time, that is, ideal mixing, to be 
displayed. The results show that the influence of turnover 
time on the product properties is negligible below 500 s, re- 
gardless of residence time distribution. There is a slight influ- 
ence of the residence time distribution, which is due to an 
influence on the time averaged, secondary nucleation rate 
constant according to Eq. 18. Turnover times in the range of 
500 s are an order of magnitude higher than average turnover 
times in large industrial agitated crystallizers, and are ap- 
proaching the order of magnitude of the total process time in 
the simulations: 8,000 s. 

Results for a nonhomogeneous suspension are presented 
in Figure 3 for different levels of suspending. The crystal size 
at which settling out from the circulating element occurs: L,, 
is 80, 200 or 300 pm, or infinity which corresponds to the 
case of homogeneous suspension. Again the results show that 
the influence of turnover time on the product properties is 
weak. However, nonhomogeneous suspending does increase 
the sensitivity to variations along the circulation path. The 
process becomes increasingly more sensitive to turnover time 
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Figure 3. Influence of turnover time and suspending on 
product characteristics. 
Residence time distribution: ~ 1 : r 2 : ~ 3  = 5:l:h;  unseeded 
process: k ,  = 1.25 ks3.  

at decreasing value of L,,,, even though the influence of 
L,, is not entirely regular. At L,, = 80 p m  the product 
deviates from the well-mixed reference case already at the 
shortest turnover time investigated. However, the deviation is 
less than 5% until T~~~ exceeds a few hundred seconds. At 
L,, 2 200 pm, deviations can be observed at T~~~ > 40-50 s 
and become important at T~~~ > 200 s. At decreasing L,,, 
the relative mass of nonhomogeneously suspended crystals 
increases. For the 300 p m  limit about 1.5% of the final prod- 
uct mass is found in C3, which explains the relatively small 
deviation from the well-mixed case. At L,, = 200 p m  ap- 
proximately two-thirds of the crystal mass is nonhomoge- 
neously suspended at the end of the process. In view of the 
product mean sizes of the processes presented in Figure 3, 
L,, = 80 p m  is regarded as a very low limit of homogeneous 
suspending, corresponding to inadequate design of the agita- 
tion. 

The insensitivity of the product-size distribution to suspen- 
sion turnover time is not limited to the processing conditions 
and the crystallization kinetics of the simulations presented. 
Seeding increases the importance of nonhomogeneous sus- 
pending. Deviations from the;well-mixed case appear already 
at the shortest turnover time ( T ~ ~ ~  = 12 s), but the differences 
observed exceed 5-15%, only at turnover times above a few 
hundred seconds. The influence of an increasing turnover 
time is weak also when a controlled colling curve is applied 
( a  = 3 in Eq. 1). If the total process time becomes shorter, 
the changes in product properties do show up at a shorter 
turnover time; however, still at approximately the same ratio 
of turnover time to overall batch time. There is no principal 
difference between the results for potassium sulfate (low 
magma density system) and those for citric acid monohydrate 
(high magma density system), concerning the sensitivity to 
spatial variations in the crystallizer. Simulations at homoge- 
neous suspending reveal that an unseeded process with negli- 
gible secondary nucleation, that is, k ,  = 0, as well as a seeded 
process with negligible primary nucleation, that is, k, = 0, or 
having 10 times higher growth rate, still are very weakly influ- 
enced by the turnover time. No increase in sensitivity to the 
turnover time has been found at an increased variation of the 
energy dissipation rate. 
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Discussion 
The results presented clearly suggest that at turnover times 

up to a few hundred seconds, spatial variations in supersatu- 
ration generation, in the secondary nucleation rate constant 
and in particle-size distribution, have a low and usually negli- 
gible effect on the product-size distribution of batch cooling 
crystallization. Turnover time usually increases with size of 
agitated tanks, from 0.2 s in a 6.3 L crystallizer, to 60-70 s in 
a 50 m3 unit (Garside, 1985; Heffels, 1986; Jager et al., 1991). 
Hence, the results suggest that the influence of spatial varia- 
tions is low, not only in small laboratory crystallizers, but also 
in large industrial units. 

Figure 4 shows the supersaturation curves for some of the 
seeded processes, exhibiting nonhomogeneous suspending. 
The seed crystals are retained from the start in C3. The 
smooth, unbroken line represents the well-mixed process and 
the supersaturation curve has the bell shape that is typical 
for batch cooling crystallization processes. At short turnover 
times, the only influence of spatial variations is a slight over- 
shoot in the maximum value. At longer turnover times a ser- 
rated curve is obtained but a major influence on the overall 
bell shape is only seen at exceedingly long turnover times. 
The local supersaturation is determined by the rate of gener- 
ation of supersaturation in compartment C1, and by the rate 
of consumption, being directly proportional to the available 
total, local, crystal surface area. The rate of consumption can 
be described by the supersaturation half-life: 

(21) 

in which Aci is the supersaturation in the beginning of each 
time step, and AWT,i/At is the calculated rate of mass con- 
sumption during the time step. Figure 5 shows the calculated 
half-life vs. process time ( t )  for the process having 384 s 
turnover time and for the ideal mixing case. During the first 
part of the batch, the total crystal surface area in the element 
is low. Hence, the rate of supersaturation consumption in the 

0 2000 4000 6000 8000 
Process time ( s )  

Figure 4. influence of turnover time on supersaturation 
vs. process time. 
Residence time distribution: ~ 1 : ~ 2 : ~ 3  = 5:1:6; well-mixed 
process and nonho-mogeneous suspension (I,,,,% = 500 pm); 
seeded processes: k ,  = 1.25 k,93. 
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Figure 5. Supersaturation half-life time vs. process time. 
Homogeneous suspension/unseeded process, z, = 1.136 k j 3 ;  
ideal mixkg and nonhomogeneous suspension/seeded 
processes, k ,  = 1.25 ks3 .  

element is low and the half-life is long. A significant super- 
saturation decay may take place in compartment C2 and C3, 
only at very long turnover times. thalf increases when the ele- 
ment leaves C3 and decreases again at the reentrance to C3, 
since the crystal surface area is higher in C3 than in C2 and 
C1. However, in comparison to the well-mixed case, the sur- 
face area in C3 is only higher because crystals are accumu- 
lated in a reduced volume. Hence, thalf in C3 will under nor- 
mal conditions only be moderately reduced. During the 
process, the half-life decreases with increasing total crystal 
surface area, and the fluctuations decrease as an increasing 
crystal surface area travels with the element around the loop. 
Also shown in Figure 5 is an unseeded process at homoge- 
neous suspending. The half-life curves for 710i = 0 (i.e., ideal 
mixing), T~~~ = 50, and = 100 s are very close, and fluctua- 
tions because of spatial variations are negligible.The impor- 
tance of the variations in the nucleation rate constant is lim- 
ited, since the residence time in the impeller region compart- 
ment is very short. 

The product-size distribution of batch cooling crystalliza-' 
tion depends strongly on the conditions early in the process. 
The crystals born during the period of early nucleation or 
added as seeds tend to dominate the product mass. Product 
properties are insensitive to spatial variations of the condi- 
tions, because the magma density early is low. The overall 
bell shape of the supersaturation profile is only weakly influ- 
enced, and the supersaturation half-life is significantly longer 
than the fluid turnover time during most of the process. Non- 
homogeneous suspending may become important if a major 
crystal surface area is incompletely suspended early in the 
process, that is, if even very small crystals are nonhomoge- 
neously suspended, or when a significant mass of nonhomo- 
geneously suspended seeds is added. 

The results of this study suggest that spatial variations, as a 
first and often very good approximation can be neglected in 
modeling of industrial batch cooling crystallizers, that is, the 
industrial process can be assumed to be well-mixed. In addi- 
tion, spatial variations are unlikely to contribute significantly 
to broadening of size distributions. Turnover time distribu- 

tions can be fairly wide in agitated liquids (Hallas and Han- 
nan, 1990). However, since the influence of average turnover 
time on the product is very weak; also a distribution of 
turnover times should have a low influence. Garside (1985) 
concluded that in an industrial continuous crystallizer, spatial 
variations may have a significant influence on the product. 
However, the continuous process is operated at a constant, 
often high magma density, and thaJf may be close to or even 
lower than the turnover time. In a continuous evaporative 
crystallizer, the solution may actually become undersaturated 
in the heat exchanger. Small crystals may dissolve completely, 
resulting in an oscillating product mean size especially in large 
units (Jager et al., 1991). This suggests that our conclusions 
concerning the influence of macromixing in a batch cooling 
crystallizer should not be extrapolated uncritically to batch 
evaporation crystallizers. 

The product characteristics of a batch cooling crystallizer 
are sensitive to the crystallization kinetics. Secondary nucle- 
ation is approximately proportional to the mean specific 
power input to the fluid (Garside and Davey, 1980), and the 
growth rate increases with mean specific power input raised 
to no more than 0.2 (Levins and Glastonbury, 1972). In the 
present work, the crystallization kinetics are kept constant, 
when the turnover time increases. This is reasonable, only if 
the specific power input remains constant. In practice, espe- 
cially in crystallization processes, turnover time normally in- 
creases with vessel size, while specific power input decreases. 
Hence, especially the rate of secondary nucleation tends to 
be lower in larger vessels having a longer turnover time. 
However, this is a direct effect on kinetics that would influ- 
ence the product, regardless of if the crystallizer is well-mixed 
or not. The present study focuses on whether large batch 
cooling crystallizers in which spatial variations can develop 
because of long turnover times and nonhomogeneous sus- 
pending can be assumed to be well-mixed. The focus is not 
primarily on scale-up. In the modeling, complete segregation 
is assumed. However, an exchange of particles, heat, and 
solute between different elements is likely to decrease the 
effects of circulation and maldistribution. The model does not 
consider the influence of varying mixing energy dissipation 
on the rate of crystal growth, because the dependence is con- 
siderably much weaker than that of secondary nucleation. The 
effects of extreme spatial variations, such as completely stag- 
nant regions, solids deposition onto the bottom, incrustation, 
have not been considered in this work. 

Conclusions 
In an industrial agitated tank applied for batch cooling 

crystallization, supersaturation is generated locally at heat- 
transfer surfaces; secondary nucleation is likely to be particu- 
larly strong in the impeller region and large crystals tend to 
accumulate in lower regions of the tank. The results of this 
study indicate that such spatial variations of the conditions in 
the tank will under normal conditions exert a low and often 
negligible influence on the product-size distribution. This dis- 
tribution of a batch cooling crystallizer is mainly governed by 
the conditions early in the process, when the principal num- 
ber of crystals that share the final mass is established. During 
the first part of the process, the magma density is low and 
the rate of local supersaturation consumption is low com- 
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pared to the rate of  supersaturation generation. T h e  overall 
supersaturation profile is only weakly influenced by spatial 
variations, and during most of the process the supersatura- 
tion half-life is significantly longer than the fluid turnover 
time. The results of this work suggest that industrial batch 
cooling crystallizers can, as a first and often very good ap- 
proximation, be  assumed t o  b e  well-mixed, if reasonably ade- 
quate agitation is provided. T h e  results of this work also sug- 
gest that  it is unlikely that spatial variations in a batch cool- 
ing crystallizer will result in significant broadening of the 
product-size distribution. 
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Notation 
b =empirical mass exponent 

B =primary nucleation rate, no./s/kg solvent 4 =secondary nucleation rate, no./s/kg solvent 
ceq = equilibrium concentration, kg/kg solvent 

c, =constant, kg/kg solvent 
c1 =constant, kg/kg solvent/”C 
c2 =constant, kg/kg solvent/CC)’ 
c3 =constant, kg/kg ~olvent/CC)~ 

A c  = supersaturation, kg/kg solvent 
A c j  =supersaturation in j th  element, kg/kg solvent 
Ac, =initial supersaturation, kg/kg solvent 
CV = coefficient of variation, CV = 

‘eq.j -equilibrium - concentration in j th  element, kg/kg solvent 

g =growth rate order 
G =linear growth rate, m/s 
h =separation factor 
k =number of subpopulations 

k ,  =growth rate constant, m/s (kg/kp>-g 
kp =primary nucleation rate constant, no./kg (kg/kg)-”p 
k ,  =secondary nucleation rate constant, no./kg (kg/kp>-”s-b 
k S j  =secondary nucleation rate constant in ith compartment, 

no./kg (kg/kg)-”s-b x, =average secondary nucleation constant according to Eq. 18 
k ,  =volume shape factor 
L =characteristic crystal dimension, m 

Li =size of ith crystal subpopulation 
L,,i =size of ith subpopulationin j th  element 
Ly,i =size of ith subpopulation originating from jth element 

L,,, =maximum size of complete suspension 
L,, =weight mean size, m 
L,, =initial size of seeds 

mbj =ith moment of size distribution in j th element 
mTi =ith moment of separated crystals originating from the j th 

mi =ith moment of size distribution 

element 
n =population density, no./kg/m 

np =primary nucleation rate exponent 
n, =secondary nucleation rate exponent 
&. =number of crystals in ith subpopulation, no./kg 

Nj.i =number of crystals in ith subpopulation in j th element, 

4: =number of crystals in ith subpopulation originating from jth 
no./kg 

element, no./kg 
N, =number of seed crystals, no./kg 
A t  =time interval, s 

t =time, s 
tf =total batch time, s 
I ,  =birth time of subpopulation, s 

=birth time of ith subpopulation in j th element, s 
=size of ith compartment 

W, = magma density, kg/kg 
W,., =suspended solids concentration in jth element, kg/kg solvent 
W,* =suspended solids concentration of crystals in C3, kg/kg sol- 

vent 
X =ratio of total volume to volume of compartment C3 

Greek letters 
a =factor in growth rate expression 
p =factor in growth rate expression 
y =factor in growth rate expression 
0, =initial temperature, “C 
e, =final temperature, “C 
pc =density of crystals, kg/m3 

T =local time in loop, s 
vWwm =standard deviation of mass distribution 

T ~ , , ~  =turnover time, s 

Superscripts 
- =mean value of variable 
t =parameter related to incompletely suspended crystals 

Subscripts 
i =variable related to subpopulation born at time ti 

L =size distribution 
s =seed 
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